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With (5), (34) can be written in conventional
units
nkT < e E?

(VA sec/cm3)  (35)

i. e. independent of z, in every space point, the ther-
mal energy density 4 n kT must be negligibly small

compared to the electrostatic field energy density
LeoE2.

With k=1.38-10"2 (VA sec/grad),
€ =0.885-10"1 (A sec/V cm)
(5) becomes
nT <1010 E2, (36)

For a space charge formula as (30), which postu-
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lates E, =0, the charge carriers at z =0 should be
emitted with 7=0.
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In this article the possibility for the propagation of periodic waves in a two-level system is
discussed. It turns out, that in the absence of processes leading to loss and gain of energy, respec-
tively, periodic waves only are possible. Their frequencies are always greater than the transition
frequency of the two-level system. The frequency difference and the deviation of the wave pro-
file from a sinusoidal form increases with the strength of interaction of light field and two-level

systems.

After the introduction of loss and source terms it turns out that only isolated periodic waves
exist. The asymptotically stable ones among them act as asymptotic solutions to all other wave
solutions. The frequencies and wave forms are affected in a similar way as without loss and source

terms.

1. Introduction

When by the development of the laser coherent
light sources of high intensity became available,
the problem of propagation of coherent light waves
in a medium, absorbing near the frequency of the
light wave, became of considerable interest1-9. An
excellent and exhausting survey on the state of
affairs has recently been published by Arecchi and
his coworkers10.

Usually, the starting point is the assumption that
the absorbing medium can be replaced by a set of
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THE PROPAGATION OF PERIODIC WAVES IN A TWO-LEVEL SYSTEM

electric field strength a solution of the following
form

E(x,t) = Eo(x, t) cos % (@ + ct) + D (x, t)| (1.1)

and similarly for the inversion and the polarization
of the medium. These expressions are inserted into
the equations of motion and terms changing with
double frequency are neglected. Furthermore, it is
assumed 12 that Ey and @ are slowly varying func-
tions compared with the sinusoidal basic wave:

0Bo | _ | Bo | |@F
f a;:}<?0/csoi; ifagg§<|w0 Eo|; 1.2)
|0®/0x| < wolc; |0D[3t] < wo.  (1.3)

Fundamental for the hypothesis (1.1) are the
assumptions that a) the frequency and the phase
velocity of the carrier wave are not affected by the
strength of interaction between light wave and
material system and that b) the carrier wave is
sinusoidal. It is the purpose of this article to throw
some light on these questions. For this we will be
looking for periodic solutions of the corresponding
system of differential equations without making
use of the hypothesis (1.1). It will turn out that
with increasing strength of interaction between
light field and medium deviations of the wave
profile from sinusoidal form occur and the frequency
increases. From the simple model we are considering
here no restriction results, however, concerning the
phase velocity.

2. The Model Equations

We assume a set of two-level systems which do
not interact with each other, but are exposed to a
perturbation by a light wave. The state of such a
system is given by

p(t) = c1(t) 1 + c2(t) 2, (2.1)

where the wave functions corresponding to the two
energy levels are denoted by y; and ys, respectively,
with eigenvalues ¢; and e3. Restricting ourselves to
dipole interaction with the light field E (t), we obtain
in the usual way from the Schrodinger equation the
evolution equations for the amplitudes ¢; and ¢ :

2.2)
(2.3)

ikél =¢e1¢1 — ex12 E (t) ¢,
thQ = €202 —exlgE(t)cl.

The transition moment x;2 is assumed to be real.
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Using (2.2) and (2.3), we can write down the
equations of motion for the four real basic combi-
nations of the amplitudes. The first can be integra-
ted immediately and expresses the conservation of
the total probability :

cic1+cyea = Ny (2.4)

where Nj is the number of two-level systems per
unit volume. The remaining three lead to the
following system of differential equations

oC

ot =i w()S (2.5)
O e —wC— et Be (26)
do 2
5 =7 ES. (2.7)
The dependent variables
C = Nyexya(c1 C; —+ 6162), (2.8)
S =1 Ngexia(c1¢5 — ¢} c2), (2.9)
6 = No(c3ca — cjc1) (2.10)

are the ,,in-phase” component of the polarization,
the “’in-quadrature’” component and the inversion,
respectively.

1
wo = & (e2 — €1) (2.11)
is the frequency of the transition between y; and
2. To these equations for the material system is
added the wave equation for the electric field
strength
o2E
Ba?

02E 020
—4m -, =0.

2 ey, gk o
o a2 o2

(2.12)

In the following we are interested in running
wave solutions only, i. e. we are looking for solu-
tions which depend only on the combination

T=d4x+ vt

of the two independent variables with » as arbitrary
phase velocity. Denoting the differentiation with
respect to T by d/dz (-) = (-)’, we obtain instead of
system (2.5), (2.6), (2.7), (2.12) of partial differen-
tial equations a system of ordinary differential
equations:

(2.13)

(2 —v)E”" —472C0" =0,

C" = (wo/v) S,

(2.14)
(2.15)

12 An exception is Ref. 6.
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e Pa_ 2 2 Ea (2.16) It is interesting to compare the solutions of the
Y ko = TIREES wave equation coupled to a resonant medium with
o = (2/iv) ES. (2.17)  the solutions of the simple wave equation:

We note that with the reduction to system (2.14)
—(2.17) we have renounced to learn something
about the dependence of the phase velocity on the
intensity of the light field, since we have treated v
as a constant. Otherwise, the resulting system would
have presented itself in a much more complicated
form.
The integration of (2.14) yields (for v+ c¢):
s e (i

47 \ 02

a well known relation in electrodynamics. A con-
sequence of the assumption of a constant phase
velocity is, therefore, that the range of validity of
our considerations is given by the range of validity
for the proportionality of polarisation and electric
field strength.
Using relations (2.18) and (2.15), we can eliminate
C and § and, subsequently, integrate (2.17):
1 2 —2
40

_ 1)E (2.18)

o= E2. (2.19)

oo
Finally, the elimination of ¢ leads to

w., e2 xn

E/I o 5

-E3=0.

S E+25 (2.20)

3. Discussion of Solutions

Eq. (2.20) is a Duffing equation which can be
solved exactly. The solution reads

E(t)=Encn L;v‘ (A2 0§ + 2e2at, B2)12;
z3, B2, 1/2
(hzw +2e2x12E3,,) J i

which can be proved by differentiating (3.1) and
inserting the result into (2.20). cn(x; k) is the el-
liptic cosine with argument « and module k. E,, is
a integration constant, the second has been chosen
in a way as to make E assume its maximal value
at 7=0. For v=¢, however, Eq. (2.20) is not
equivalent to the system (2.14)—(2.17). Therefore,
we have to return to the latter. If we admit only
bounded solutions, the integration of (2.14) yields
C =0 and we obtain the total solution for (2.14)
—(2.17):

C=0;

(3.1)

S=0; 0=0; E=f(1) (3.2)

with f arbitrary.

2(2E[0x?) — (RE[2 = 0. (3.3)

The classic solution of (3.3) for running waves is
E=f(+x+ct) (3.4)

with arbitrary f. This means: All waves propagate
with the phase velocity ¢. For v+ ¢ no bounded
solutions exist except the zero solution. The wave
profile f is arbitrary, it has only to be twice differ-
entiable with respect to both independent variables.

In the case of an electromagnetic wave coupled to
a resonant medium it results that solutions different
from zero exist for all velocities v+¢. The wave
profile, however, has to be periodic. The propaga-
tion of free electromagnetic waves and of electro-
magnetic waves in a resonant medium are, in a cer-
tain sense, complementary.

A further difference is that for a light wave pro-
pagating in a resonant medium the frequency is no
more independent of the intensity. Making use of
the fact that c(x; k) has a period of 4 K (k), where
K (k) is the complete elliptic integral of the first
kind 13, we derive from (3.1) that £ () has a period
T which is determined by

T °
o (B2 0§ + 2e2a7,B% )12

- xle" 1/2
=4K [(ﬁz’wo T2, E;) :

(3.5)

Taking into account also (2.13), we obtain for the
frequency w

0 =5 1A + 2223, BZ)V2K-1. (3.6)
After some manipulation results, finally,
[0} e2al, K2 \1/2
= =Sy
€223, B} (3.7)

1/2
. =l e~ A8 W
& K FaTee T I

Consequently, the ratio w/wo depends only on the
ratio of the interaction energy of the polarizable
medium in the electromagnetic field and the energy
difference of the transition. This dependence is re-
presented in Fig. 1. The frequency of the periodic
wave is always greater than the frequency of the

13 See e. g. JAHNKE, E. and F. EMDE, Tables of Functions,
Dover Publications, New York 1945.



THE PROPAGATION OF PERIODIC WAVES IN A TWO-LEVEL SYSTEM

transition and increases monotonically with the
intensity of the electromagnetic field.

l-//

025 o5

e?x2 E2

W w?

Fig. 1. Dependence of the frequency w on the ratio of the

interaction energy with the light field and the energy dif-
ference of the two-level system.

4. Extension of the Model
The differential Eq. (2.20) has a first time-inde-
pendent integral

2 2,2
wy e2a?,
2 M gy
o2 E? 7202 E4 = const.

(E")? + (4.1)
It is just this conservation law which permits only
periodic solutions to (2.20), i.e. which gives to our
problem the character of a center. Such a problem,
however, is structurally unstable in the sense that
arbitrary small perturbations of the differential
equation change the qualitative character of the
solutions. Since in every physical system losses are
inevitable, e.g. in our case by destruction of the
coherence of polarization or by weakening of the
electromagnetic field in consequence of irreversible
processes (electric resistance), such a theory is not
very satisfactory.

The most natural way to introduce losses and
pumping processes necessary for their compensation
would be to add corresponding terms in system
(2.14)—(2.17). An attempt, however, shows imme-
diately that then a reduction to an autonomous
differential equation, corresponding to (2.20), is no
more possible. Since we are interested here mainly
in a qualitative analysis, it seems justified to us to
start instead from Eq. (2.20) in order to render the
calculations and their interpretation more transpar-
ent. The method employed in the following is ap-
plicable also to an extended system (2.14)—(2.17).
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It is evident that in an extended Eq. (2.20) gain
and loss terms cannot be functions of E alone, but
must contain E’. For every function yy(E) with
(0) =0, added to (2.20), leads to an additional

E
term p [y (E)dE in (4.1), which does not change
0

the centrum character of the problem14 for suf-
ficiently small y > 0.

As loss term we will take x/vE’, where x is e.g.
a non vanishing conductivity. Since we conceive the
source term as being brought about by pumping
of the resonant transition of the medium and sub-
sequent induced emission into the field, we will
assume the source term for small intensities as pro-
portional to the intensity of the light field. On the
other hand, as the inversion has a finite maximal
value, the efficiency of the source must tend tow-
ards zero for the intensity tending towards infinity.
Thus, we will assume the source term in the form

source term = g— E’g(E?) (4.2)
with
g(E?2) >0 for E2+0, (4.3)
g(0)=0; limg(£2) =0.

E?2—>o0

p is a parameter, measuring the strength of the
source (pump parameter).

The extended differential equation for the pro-
pagation of electromagnetic waves in a resonant
medium with losses and sources will be assumed in
the form

1 ,
E"+ - (x —pg(E?)E

2
1 e2ux?,

+ o (03 F + 255 B3 = 0.

2 (4.4)
13

It is no more possible, of course, to integrate, in
general, this equation in closed form and we have
to apply other methods for the investigation of its
solutions. We make the assumption that all pro-
cesses, which are responsible for losses and gain,
are slow compared with w;l. Furthermore, the
interaction energy of the polarization and the elec-
tric field is assumed to be small in comparison with
hwg. In order to express this we introduce a para-
meter w, which we will use as an ordering para-
meter in a perturbation expansion and which we
will put eventually equal to 1. Moreover, we intro-

14 If y(E) > 0, then the problem retains its centrum
character even for arbitrary y > 0.
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duce the new independent variable

7' = (wofv) T. (4.5)

Denoting the differentiation with respect to the
new variable again by (-)’, we may write instead
of (4.4)

E"+E=uF(E E) 4.6)
with
F(B,B)=—2%% p
5 o P .

The differential Eq. (4.6) can be transformed in an
equivalent system of integral equations:

E(t',pu) =b(u)sint’ (4.8)

+u frsin(r' — s)F (E(s), E'(s))ds,
0

E'(t', u) = b(u) cos v’ (4.9)

+ u ftcos(-t’— s)F (E(s), E'(s))ds
0

with the initial conditons

BO,p)=0; EO,p)=b(n).  (410)

By differentiation of (4.9) and insertion into (4.6) it
can easily be proved that (4.8) and (4.9) satisfy,
indeed, the differential Eq. (4.6).

5. Periodic Solutions

Before we discuss the behavior of solutions to
(4.6) in general, we will search for periodic solutions.
For u =0 there exists a family of periodic solutions,
all with period 2z and covering densely the whole
phase plane. This is no longer true for pu=+ 0, how-
ever small. It arises the question, whether there are
periodic solutions for 4 =0, which remain periodic
for pu+ 0 continuously increasing from zero.

A necessary and sufficient condition for this can
be give nby means of the integral Egs. (4.8) and
(4.9). We express the period of the sought periodic
solution in form of a power series with respect to u

T"=2n+np=2n+mu+npu2+-- ((51)
The periodicity condition may be written as
E(T',u)=EO,u); E(T',u)=E©O,un, (52)
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which in view of (5.1) leads to

A(b,m) = bsiny
.
+ufsin(n—s)F(E,EYds=0 (5.3)
and 0
B(b,n) =b(cosy — 1)
-
+ pfcos(n—s)F(E,E')ds =0. (5.4)
0

When we expand b, too, in power series with respect
to u, A and B become functions of the single
variable u. It is our goal to expand also 4 and B
in a Taylor series with respect to u. Since the con-
ditions (5.3) and (5.4) must be valid for every suf-
ficiently small x4 and, therefore, for every single
term in the corresponding expansions, we obtain
a system of algebraic equations which we will use
for the determination of the expansion coefficients
bo, bl,..., ni, 7]2,

After a somewhat cumbersome, although not dif-
ficult calculation, we obtain the Taylor expansion

A:Allu—f—Azluz—f—"':O, (56)
B=Biu+ Byu?+--=0, (5.7)

where 2n
A1 =bon1 — [sins F(bgsin s, by cos s)ds, (5.8)
0
2n
By = [coss F(bgsin s, by cos s)ds,
0

(5.9)

Az =bone + b1y + m1 By
— bl-j (sinZs Fg[s] + sin s cos s Fg[s])ds
0

— fsinsFE[s] [sin(s — ") F[s']ds"ds, (5.10)
0 0

By = }bo 7]% — A1+ b;f (sin s cos s Fg[s]
0

+ cos2s Fg[s])ds
- f-zos s[Fe[s] fssin (s — ') F[s']ds’
0 0

+ Fg[s] fscos (s — &) F[s']ds']ds. (5.11)
0

Fg[s] and Fg[s] are here abbreviations for

a |
Fgls]= 55 F(E, B) |

| E=bosing; E" = bocoss,

5.12)

Fols] = o F(E, B (1.35)

E = bosins; E’ = bo coss.
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The periodicity conditions (5.3) and (5.4) in view
of the reason, mentioned above, lead to a system
of conditions 4;=0, B;=0, By=0,.... If and
only if this system is solvable, periodic solutions to
(4.6) exist.

First, let us consider the condition By = 0. Insert-
ing (4.7) into (5.9), we obtain after some manipula-
tion

2n

[ cos2sg (b sin2s)ds — x;} bo=0. (5.14)

0
This is an equation for the determination of by. It
may be seen immediately by inspection of the
Egs. (5.8), (5.10) and (5.11) that for every sclution
by) of (5.14) the other coefficients n1, b1, 72, ...
can be calculated easily.

(5.14) has the trivial solution by =0, which leads
at once to 71 =0, by =0, 2=0,...: the zero solu-
tion is a trivial periodic solution without interest
to us. Let us now set to zero the expression in
brackets in (5.14). It is evident that with every by
also — by is a solution. Since such a change of sign
is equivalent to a shift of the origin of the variable
7’ by half a period, we may suppose bg to be positive
without restriction of generality. Taking into ac-
count (4.3), we conclude that the integral in (5.14)
is positive for all by, tends to zero for by _,., and
vanishes for by = 0:

I(bg)Efcoszsg(bgsinzs)ds>0 for b3+ 0;
0
I1(0)=0; I(0)=0. (5.15)

On the whole, I(b?) reflects the behavior of g (bZ).
As is clear from Fig. 2, for p sufficiently small (5.14)
has no solution different from zero. For p passing

I

vl;

1
'
1
1
I

' ()
i [
I |
I { o

i
! b
| o
1

!
| 1 i i
O T

Fig. 2. Two examples for I(b5). The crossing of x z/p

with I determines the roots of equation (5.14). For suffi-

ciently small values of p the straight line » zz/p is above

1(b;) without intersection. For increasing p the straight

line » 7/p is lowered. As the second example shows, solu-

tions by, i. e. limit cycles, may also disappear with in-
creasing p.

b@ b,

(1)
b
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a definite threshold, i.e. p> pin, two, respectively
an even number, of solutions appear which we will
denote by b{’, i =1,2,....

Starting with one of the b’, we can calculate at
once further corrections of the amplitude and period
of the solution under investigation. Taking into ac-
count again (4.3) we obtain from (5.8) after some
calculation the first correction to the period:

77(11.) _ %7‘[ e2 iy (b))%

Boy
From (5.11) we can now determine b and sub-
sequently from (5.10) %$), since the integrals oc-
curing in these equations are only functions of ().
However, as a further discussion is only possible,
if the function g¢(£2) is known explicitly, we re-
nounce here writing down the somewhat clumsy
expressions for b{? and $.

i=1,2,.... (5.16)

6. Conclusions

The principal consequence of the introduction of
loss and source terms is the fact that instead of a
set of periodic solutions, lying densely in the whole
phase plane, we obtain a certain number of discrete
periodic solutions. These bifurcate in pairs, when
the pump parameter assumes certain critical values.
As may be seen from Fig. 2, the number of these
bifurcations is determined by the number of ex-
trema of ¢g(£2). Except at these critical parameter
values our system is structurally stable, i.e. suf-
ficiently small, but otherwise arbitrary perturba-
tions of the differential equations cannot change the
qualitative character of the totality of solutions.

It remains still to investigate the stability of these
isolated periodic solutions. For this purpose we ex-
amine the behavior of solutions in the neighborhood
of the limit cycles, i.e. we choose for initial con-
ditions of the test solution £ =0, E' =b+ b. After
one cycle in the phase plane, spanned by £ and E’,
the variable £ will again be zero, whereas E’ assumes
a value near b. The time 6 necessary for this cycle
can be given in implicit form by means of (4.8)

0
bsinO + u [sin(0 — s) F(E(s), E'(s))ds =0. (6.1)
0

The sequence function A, i.e. the difference of the
values of £ before and after the cycle, reads

A(B, u) = B'(6, ) — B0, u) = b(cos b — 1) (6.2)
0
+ u [cos(6 — s) F(E (s), E'(s))ds.
0
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A simple geometric argument shows that the sta-
bility of periodic solutions can easily be examined
by means of the sequence function A (Poincaré’s
method). In the neighborhood of an unstable limit
cycle all solutions tend away from it and thus we
must have, evidently,

A®B) <0 for
A®b)=0,
A®B)>0 for b>b.

b<b,
(6.3)

This condition for the unstable character of a limit
cycle may be expressed as

4 46

0
db b=b =

(6.4)
in view of the continuous dependence of A on b.
The same argument leads for a stable limit cycle to

446 <o.

- 6.5
) = (6.5)

In order to connect these stability conditions
with quantities introduced in the preceding section,
we expand 4 (b, u) in a power series with respect
to u. Taking into account

=27+ 0p+ -, (6.6)

we obtain
2n

A, u) = p [cossF(bsins, bcoss)ds 4 0(u2) (6.7)
0

and the derivative
2n

j cos s F (bsins,b coss)ds + 0(u?).
0

a4 d
ab 5o b

(6.8)
When we expand b as in (5.5) and employ the ex-

plicit form of F (4.7), we may write, finally,
2n

J.cos s F (bosins, bgcoss)ds + 0(u2)
0

a4 _ 4
= b,

db 5-b

= g5 T3+ 0(u2). (6.9)
Thus, for sufficiently small u we see that the deriv-
ative of I(b7) decides on the stability of the limit
cycle passing through £ =0, E' = b ~ b,.

Now, we may conclude from Fig. 2 that the small-
est limit cycle is always unstable, playing the part
of a watershed which separates solutions tending
towards zero and solutions tending towards the
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next limit cycle. The greatest limit cycle is always
stable and possible limit cycles situated between
show an alternating stability character. The phase
portrait for the ensemble of solutions is indicated
in Fig. 3.

Fig. 3. Phase portrait for two limit cycles. All solutions

beyond the outer limit cycle are bounded and will finally

approach this cycle. Solutions with initial conditions

within the inner limit cycle will tend to zero. The only

physically realizable stationary solution is the outer limit
cycle, apart from the zero solution.

Only the stable periodic solutions are realizable
in practise. They are also the limit profiles towards
which all other wave solutions tend. The frequency
of these periodic solutions is given by

1,
o =Ll
3 e2ai, (b1)2
— g

—1 (6.8)
Within the range of validity of the perturbation
theory the frequencies w; are again always greater
than wg. Since the b{) are functions of the pump
parameter p, the frequencies w; become also func-
tions of p. From Fig. 2 it can be deduced that the
frequencies of all stable isolated periodic solutions
increase with increasing p, provided p does not
assume a critical value for which our system loses
its structural stability.
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